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In this paper, we present the homogenization of an anisotropic hollow layered tube with
discontinuous elastic coefﬁcients. We focus on some aspects of technological importance,
such as the effective coefﬁcients of anisotropic materials, the behavior of the homogenized
displacements and stresses, the discontinuities of in-plane shear, hoop and longitudinal
stresses, the homogenization-induced anisotropy in the isotropic case. We conclude that
the problem of cylindrically anisotropic tubes under extension, torsion, shearing and pres-
suring is stable by homogenization and we deﬁne the effective tensor of the material elas-
tic coefﬁcients. Some numerical examples conﬁrm the theoretical results.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Bonding strength of layered composites, residual and thermal stresses in bonded dissimilar materials and wear resistant
layers in machine, engine and structural components have attracted the attention of many researchers in recent years. The
problems related to discontinuous material properties of multilayered materials made of very ﬁne layers or the micro-mac-
romechanical analysis of two-dimensional composites, such as the oscillatory behavior of deformation quantities or stresses
resulting from material property mismatch, and the anisotropy induced by the homogenization procedure, are of great tech-
nological importance (see, for instance, Drago and Pindera, 2007). Functionally graded interlayers are used to reduce the
above effects (Batra and Love, 2006; Cavalcante et al., 2007). The effect of non-homogeneity on the response of a cylindrical
tube was ﬁrst studied by Geymonat et al. (1987a,b) and recently investigated by Horgan and Chan (1999a,b), Chen et al.
(2000), Tarn and Wang (2001), Tarn (2002b,a), Ruhi et al. (2005) and Boussaa (2006). For large differences of parameters
of multi-component periodic materials made of very ﬁne layers, additional interlayers are not the best solution and therefore
we need the analysis of the behavior of the non-homogeneous material as well as the related behavior of the homogenized
material obtained by assuming that the typical size of the layers e tends to zero. As recently discussed in the context of exact
elasticity solutions to the contact and crack problems in multilayered media with large moduli contrasts in Chen et al. (2005)
and Pindera and Chen (2007), homogenization does break down in the presence of ﬁne microstructures when the stress gra-
dients are large. In Chen et al. (2005) the effects of microstructural reﬁnement and homogenization on the contact pressure
and sub-surface stresses for the ﬂat punch contact problem on periodically laminated multilayers were studied and the con-
cept of partial homogenization was introduced leading to stress exhibiting very high stress gradients at the top layers.
The intent of this paper is to present a self-contained treatment of some homogenization problems of a hollow circular
cylinder composed of an elastic multilayered material with properties exhibiting discontinuities in the radial direction.. All rights reserved.
x: +30 2310995679.
lambakis).
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material when the typical size e of the heterogeneities becomes smaller and smaller. To quote only a fewworks of the generic
research on this ﬁeld, we mention Tartar (1977), Murat (1977), Bensoussan et al. (1978), Sanchez-Palencia (1978) and Suquet
(1982).
We ﬁrst show in Sections 2 and 3, with the help of two simple examples, that homogenization of isotropic materials
causes anisotropy. In the ﬁrst example, we present the homogenization of the equations describing the torsion of a periodic
isotropic cylinder. The second example in Section 3 is the homogenization of the axisymmetric pressurized isotropic hollow
cylinder subjected to prescribed uniform pressures at the inner and outer surfaces. Numerical results in Sections 2 and 3 con-
ﬁrm the theoretical ﬁndings.
The above results indicate that the isotropic material is not stable by homogenization. So in Section 4 we treat the torsion
of a layered tube made of anisotropic materials.
Finally, in Section 5 we study the homogenization of the equations describing the general axisymmetric state as formu-
lated by Tarn and Wang (2001). In this section, we ﬁnd all anisotropic effective coefﬁcients in terms of coefﬁcients of the
heterogeneous tube. The problem of cylindrically anisotropic materials turns to be stable by homogenization, in the sense
that no other anisotropy is added as in the isotropic case. The homogenization results are illustrated by a numerical example
at the end of this section. It is worth noticing that all stress ﬁeld discontinuities correspond to those stress components
which are not traction generated components.
In the sequel, we refer to the tube described in Fig. 1. Using polar coordinates r, h, z, the radial, angular and longitudinal
displacements are, respectively, ur , uh, uz and the strains are given byrr ¼ ouror ; hh ¼
1
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; ð2Þand the equations of equilibrium readFig. 1. Polar coordinates in the multilayered hollow cylinder.
G. Chatzigeorgiou et al. / International Journal of Solids and Structures 45 (2008) 5165–5180 5167orrr
or
þ 1
r
orrh
oh
þ rrr  rhh
r
þ orrz
oz
¼ 0; ð3Þ
orrh
or
þ 1
r
orhh
oh
þ 2rrh
r
þ orzh
oz
¼ 0; ð4Þ
orzr
or
þ 1
r
orzh
oh
þ orzz
oz
þ rzr
r
¼ 0: ð5ÞThis system of partial differential equations, supplemented by suitable boundary conditions, describes the elastic prob-
lem of hollow cylinder.
2. Anisotropy induced by homogenization. First ‘‘generic problem: torsion
We ﬁrst consider the multilayered tube of Fig. 1 subjected to prescribed displacement at the inner surface and transverse
shear stresses at the inner surface and the two extremities. The tube is made of numerous isotropic layers of small thickness
e of very dissimilar materials. The parameter of heterogeneity e enters to all functions of the system (1)–(5) of the previous
section. We assumeuer ¼ uez ¼ 0; ueh ¼ teðr; zÞ: ð6Þ
The transverse shear stress at a distance r and the shear stress acting on the cross section, respectively, are calculated
from (2)rerh ¼ le
ote
or
 t
e
r
 
; rezh ¼ le
ote
oz
; ð7ÞwhereCe44 ¼ Ce66 ¼ le ¼
Ee
2ð1þ meÞ : ð8ÞThe only equilibrium equation for a 6 r 6 b is obtained from (4)orerh
or
þ 2r
e
rh
r
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e
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¼ 0; ð9Þ(3) and (5) being satisﬁed as identities. The torsion is caused by prescribed displacement and prescribed transverse shear
stress at the inner surface,teða; zÞ ¼ taðzÞ; rerhða; zÞ ¼ r1ðzÞ; ð10Þ
and at the two ends of the tubererhðr;0Þ ¼ r2ðrÞ; rerhðr; ‘Þ ¼ r3ðrÞ: ð11Þ
Assume that le varies with respect to r onlyle ¼ leðrÞ; 0 < l1 6 le 6 l2: ð12Þ
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¼ 0: ð13ÞWe assume that te is oscillating only with respect to r. Moreover, we assumeteðr; zÞ ¼ XeðrÞZðzÞ: ð14Þ
Then, (13) givesZðzÞ d
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¼ 0: ð15ÞThis equation is equivalent to the following system of ordinary differential equations for XeðrÞ, xeðrÞ and ZðzÞ,ZðzÞ dx
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xðaÞ ¼ xa > 0; XðaÞ ¼ Xa > 0: ð20ÞFrom (18) and (19)ZðzÞ ¼ Z2  Z1e
k‘
ek‘  ek‘ e
kz þ Z1e
k‘  Z2
ek‘  ek‘ e
kz: ð21ÞFor ZðzÞ 6¼ 0, (16), (17) are equivalent to the following system of ordinary differential equations with unknownsxeðrÞ and
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leðrÞXeðrÞ ¼ xeðrÞ; ð23Þunder the boundary conditions (20). We conclude (see Appendix A) that Xe and xeðrÞ are continuous. Therefore there exist a
subsequence Xe
0
, still denoted by Xe, and Xh, and a subsequence xe0 , still denoted by xe, and a xh such thatXe ! Xh in Cða; bÞ; ð24Þ
xe ! xh in Cða; bÞ; ð25Þand we can pass to the limit in (22), (23). In the sequel, we prove that Xh and xh are given, respectively, by (31) and (32),
therefore Xh andxh are unique, so there is no need to extract subsequences and the whole subsequence converge. From (22)
we obtain the homogenized equation satisﬁed by xh in terms of Xh,dxhðrÞ
dr
þ 2
r
xhðrÞ þ k2lhðrÞXhðrÞ ¼ 0: ð26ÞWe now assume that le is periodic. Then le converges weakly to its mean value,lh ¼ hlei: ð27Þ
On the other hand, from (23) we obtain that Xh is the solution ofdXhðrÞ
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1
le
D E dXhðrÞ
dr
 1
r
1
1
le
D EXhðrÞ; ð29Þ
and substituting in (26) we obtain the homogenized differential equation for Xh,d2XhðrÞ
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; ð32ÞBy putting the boundary condition (20) in (31) and (32) we compute the constants A1, B1,A1 ¼
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Z 1
0
Xhðr; kÞZðz; kÞdk; rhrh ¼
Z 1
0
xhðr; kÞZðz; kÞdk; ð35Þ
rhzh ¼
Z 1
0
hleiXhðr; kÞdZ
dz
ðz; kÞdk: ð36Þwhere Zðz; kÞ is given by (21) and Xhðr; kÞ, xhðr; kÞ are given by (31), (32), respectively.
We can easily verify that the results show a homogenization-induced anisotropy, since for the isotropic non-homoge-
neous material the stresses are calculated in terms of strains with the help of the same elastic coefﬁcient le,rerh ¼ 2leerh;
rezh ¼ 2leezh;while for the homogenized mediumrerh ! rhrh ¼ 2
1
1
le
D E hrh;
rezh * r
h
zh ¼ 2hleihzh:There are two planes of cylindrical orthotropy: on the cross section the effective coefﬁcient is equal to the mean value of
the non-homogeneous coefﬁcients, while in all planes parallel to the axis z the effective coefﬁcient is equal to the inverse of
the mean value of the inverse non-homogeneous coefﬁcients.
2.1. Numerical example: periodic hollow cylinder under torsion
In this ﬁrst example we consider a hollow cylinder consisting of 20 multiple periodic layers, of two isotropic materials.
The shear modulus of these materials varies, as in Fig. 2. We choose the sigmoid function (Seto and Nishimura, 2004), whose
form can be found in Chatzigeorgiou et al. (2007), in order to approximate the discontinuity between the layers with con-
tinuous function. The radii of inner and outer surfaces are a ¼ 0:1 m and b ¼ 0:2 m, respectively. The length of cylinder is
‘ ¼ 2 m. We assume the boundary conditionsXa ¼ 1; xa ¼ 10; 000; Z1 ¼ 0:002e2k‘; Z2 ¼ 0:002ek‘:
The system of Eqs. (22) and (23) is treated as an initial value problem and it is solved with the fourth order Runge–Kutta
Method. For the homogenized material, the explicit form of equations is inserted in software Mathematica. Fig. 3a presents
the angular displacement of the cylinder as a function of radius at z ¼ ‘. We observe that the displacement varies linearly
with the radius. The transverse shear stress rrh takes negative values, as it can be seen in Fig. 3b. For the homogenized mate-
rial, both the angular displacement uh and rrh practically coincide with these of the non-homogeneous material. The distri-
bution of in-plane shear stress rzh is oscillatory and is given in Fig. 3c. In the same ﬁgure we also present the stress rzh of the
homogenized material. The ‘‘jumps” of rzh increase following the increase of rzh along the z-axis. Close to inner and outerFig. 2. Radial variation of shear modulus le in the multilayered isotropic hollow cylinder.
a b
c
Fig. 3. (a) Angular displacement (non-homogeneous and homogenized values practically coincide), (b) transversal (non-homogeneous and homogenized
values with 1% difference) and (c) in-plane shear stresses of hollow cylinder at z ¼ 2 m.
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stress divided by the corresponding homogenized stress) remain constant (Fig. 4b). In Fig. 5 we see the angular displacement
and the stresses at the inner and outer surfaces.
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We now examine the case of a hollow cylinder consisting of 20 multiple layers, with discontinuously graded structure. For
comparison reasons,we also examine a hollow cylinderwith continuously graded structure. The variation of shearmodulus for
thesecylinders is showninFig.6a.Wechooseagain the sigmoid function, inorder toapproximate thediscontinuitybetweenthe
layerswithcontinuous function.Thegeometrical characteristics and theboundaryconditionsareexactly thesamewith theseof
the previous example. Aswe observe in Figs. 6b and 6c, the stressrzh progressively increases from30 to 100 MPa. The behavior
of the continuously graded cylinder is in a good agreement with this of the discontinuously graded cylinder.
3. Anisotropy induced by homogenization. Second ‘‘generic problem: pressurized hollow cylinder
In this section, we consider the axisymmetric problem of a hollow circular cylinder subjected to uniform pressure on the
inner and outer surfaces. Let a and b denote again the inner and outer radii, and pi and p0 the internal and external pressures,
respectively. We are concerned only with axisymmetric deformations, so that the only displacement component is
uerðrÞ ¼ ueðrÞ. It is assumed that the body is composed of very ﬁne layers of thickness e of very dissimilar elastic isotropic
materials.
Under plane stress, the non-zero normal stresses rerr and rehh are given in terms of the radial displacement byrerrðrÞ ¼ Ce11ðrÞ
dueðrÞ
dr
þ Ce12ðrÞ
ueðrÞ
r
¼ E
eðrÞ
1 ðmeðrÞÞ2
dueðrÞ
dr
þ meðrÞu
eðrÞ
r
 
; ð37Þ
rehhðrÞ ¼ Ce22
ueðrÞ
r
þ Ce12ðrÞ
dueðrÞ
dr
¼ E
eðrÞ
1 ðmeðrÞÞ2
ueðrÞ
r
þ meðrÞdu
eðrÞ
dr
 
: ð38ÞFor the hollow cylinder under plane strain, the analogs of the above constitutive equations are obtained on formally
replacing E and m, respectively, by Me and Ne, whereMe ¼ E
eðrÞ
1 ðmeðrÞÞ2
; Ne ¼ m
eðrÞ
1 meðrÞ : ð39ÞIn this case, the normal stress parallel to the axis z is given byrezzðrÞ ¼ meðrÞðrerrðrÞ þ rehhðrÞÞ: ð40Þ
ab c
Fig. 6. (a) Radial variation of shear modulus in the discontinuously graded hollow cylinder. (b) In-plane shear stress rzh at z ¼ 2 m for discontinuously
graded structure and (c) in-plane shear stress rzh at z ¼ 2 m for continuously graded structure of the hollow cylinder.
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practical importance than that in the Young’s modulus, we assume that meðrÞðNeðrÞÞ varies only in EeðrÞ=ð1 ðmeðrÞÞ2Þ
ðMeðrÞ=ð1 ðNeðrÞÞ2ÞÞ in (37), (38), (40). PuttingAeðrÞ ¼ E
eðrÞ
1 ðmeðrÞÞ2
ðplane stressÞ;
AeðrÞ ¼ M
eðrÞ
1 ðNeðrÞÞ2
ðplane strainÞ;
ð41Þin (37), (38) yieldsrerrðrÞ ¼ AeðrÞ
dueðrÞ
dr
þ N u
eðrÞ
r
 
; ð42Þ
rehhðrÞ ¼ AeðrÞ
ueðrÞ
r
þ N du
eðrÞ
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 
; ð43Þand from the equations of equilibrium (see (3)),drerr
dr
þ r
e
rr  rehh
r
¼ 0; ð44Þ
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AeðrÞ du
eðrÞ
dr
þ N u
eðrÞ
r
  
þ ð1 NÞA
eðrÞ
r
dueðrÞ
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 u
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¼ 0; ð45Þsubjected to boundary conditionsrrrðaÞ ¼ pi;rrrðbÞ ¼ po: ð46Þ
We assume that Ae is a, non-necessarily smooth, function bounded from above and from below by strictly positive con-
stants. In Section 5, we prove that, for the general anisotropic case, j ue j and j duedr j are bounded independently of e, so ue is
continuous and there exists a subsequence ue0 , still denoted by ue, and a uh such thatue ! uh in Cða; bÞ: ð47Þ
In view of (37) and (44) and of the bounds of j duedr j we have that jrerrj and j dr
e
rr
dr j are bounded independently of e, so rerr is
continuous and there exists a subsequence re0 , still denoted by rerr , and a rhrr such thatrerr ! rhrr in Cða; bÞ: ð48Þ
Eqs. (42) and (43) giverehhðrÞ ¼ NrerrðrÞ þ
1 N2
r
AeðrÞueðrÞ; ð49Þfrom which we get that rehh is bounded in L
1 and there exist a subsequence, still denoted by rehh, and a rhhh such thatrehh * r
h
hh in L
1ða; bÞ weak star: ð50Þ
So, from Eq. (40) we deduce thatrezz * r
h
zz in L
1ða; bÞ weak star: ð51Þ
We note that in case of homogeneous materials, equation (45) accompanied by the boundary conditions (46) has the ana-
lytical solutionuðrÞ ¼ cr
Að1þ NÞ þ
d=r
Að1 NÞ ; ð52Þwherec ¼ pob
2  pia2
b2  a2
; d ¼  po  pi
b2  a2
a2b2: ð53ÞMoreover,rrrðrÞ ¼ c  dr2 ; rhhðrÞ ¼ c þ
d
r2
; rzzðrÞ ¼ 2mc: ð54ÞIn conclusion, the system of equations that describe the non-homogeneous problem isdrerr
dr
¼ 1 N
2
r2
Aeue  1 N
r
rerr; ð55Þ
due
dr
¼ 1
Ae
rerr 
N
r
ue; ð56Þ
rehh ¼ Nrerr þ
1 N2
r
Aeue; ð57Þ
rezz ¼ mðrerr þ rehhÞ: ð58Þ
From (47) and (48), we easily prove that the system of equations that describe the homogenized material isdrhrr
dr
¼ 1 N
2
r2
hAeiuh  1 N
r
rhrr; ð59Þ
duh
dr
¼ 1
Ae
 	
rhrr 
N
r
uh; ð60Þ
rhhh ¼ Nrhrr þ
1 N2
r
hAeiuh; ð61Þ
rhzz ¼ mðrhrr þ rhhhÞ: ð62Þ
From (60) we obtain the expression for the homogenized radial normal stressrhrr ¼
1
1
Ae
  duh
dr
þ 11
Ae
  N
r
uh; ð63Þ
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1
1
Ae
  duh
dr
þ ð1 N2ÞhAei þ N2 11
Ae
 
" #
1
r
uh; ð64ÞComparing (63), (64) with the non-homogeneous expressions (42), (43) leads to the homogenization-induced cylindrical
orthotropy of the homogenized material mentioned in Section 1.
3.1. Numerical example: pressurized hollow cylinder
In this example, we again consider a hollow cylinder consisting of 200 thin periodic layers made of two isotropic mate-
rials. The mechanical parameter Ae of these materials is shown in Fig. 7. The Poisson’s ratio is 0.2. In the non-homogeneous
numerical simulation, AeðrÞ is approximated by a sigmoid function. The radial stress takes the values 30 MPa at the inner
surface and 60 MPa at the outer surface. The inner and outer radii are again 0:1 m and 0:2 m, respectively. The system of
Eqs. (55) and (56) is solved with the fourth order Runge–Kutta Method. The boundary conditions are satisﬁed with the help
of the Shooting Method. The same procedure is followed for the solution of the system (59) and (60). Moreover, we compare
the results of the above non-homogeneous case with the results obtained for two homogeneous isotropic materials: the
material 1 with mechanical parameter hAei and the material 2 with mechanical parameter 1h1=Aei. In Fig. 8a, we observe that
the radial displacement of material 2 differs considerably from the radial displacements of the other three materials. The
non-homogeneous and the homogenized material have the same behavior, while the material 1 shows a small deviation
from these, with maximum difference 5%. Recalling that the stresses of the isotropic homogeneous materials are indepen-
dent of the mechanical parameters ((54)), we show only one isotropic homogeneous material in Figs. 8b, 8c and 8d.
4. Torsion of anisotropic hollow cylinder
We ﬁrst assume, as in Section 2, that the only non-zero displacement is uh ¼ vðr; zÞ. The equations of equilibrium (3)–(5)
give with the above expressions of stress components three differential equations with respect to the displacement ve. It is
obvious that the very simplistic assumptions on the displacement do not comply with the degree of anisotropy assumed for
the material and that some elastic coefﬁcients must be zero in order to reduce the number of equations of equilibrium. We
can prove that necessarilyCe14ðrÞ ¼ Ce24ðrÞ ¼ Ce34ðrÞ ¼ Ce56ðrÞ ¼ 0; ð65Þ
therefore the ﬁrst and the third equation of equilibrium become identities and only the second oneo
or
Ce66ðrÞ
ove
or
 1
r
ve
  
þ 2
r
Ce66ðrÞ
ove
or
 1
r
ve
 
þ Ce44ðrÞ
o2ve
oz2
¼ 0 ð66Þcan be used to provide information on the homogenization process. But this equation is of the same formwith (13), except of
the fact that it is anisotropic ðCe66 6¼ Ce44Þ. The coefﬁcients ðCe44 and Ce66Þ are bounded from above and from below by strictly
positive constants and are allowed to exhibit discontinuities. Following the same lines as in Section 2, we can prove the
strong convergence of the transverse shear stress and the weak convergence of the in-plane shear stress and ﬁnd the effec-
tive elastic parameters for a tube of periodic structure, so thatrerh ! rhrh ¼
1
h 1Ce66i
erh;r
e
zh * r
h
zh ¼ hCe44iezh: ð67Þ 100000
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Fig. 7. Radial variation of elastic coefﬁcient Ae in the pressurized isotropic hollow cylinder.
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homogenization.
We now allow, in addition to the angular displacement v, the longitudinal displacement to be a function independent of z,uz ¼ wðr; hÞ ð68Þ
and assume that the boundary conditions are now (10), (11) and wða; hÞ ¼ wðhÞ;rerzða; hÞ ¼ r4ðhÞ;rerzðr;0Þ ¼ r5ðrÞ;rerz r;
p
2
¼ r6ðrÞ: ð69ÞAssuming again cylindrical orthotropy (65) yields the equations of equilibriumo
oz
Ce55ðrÞ
owe
or
 
¼ 0; ð70Þ
o
or
Ce55ðrÞ
owe
or
 
þ 1
r
Ce55ðrÞ
owe
or
þ 1
r2
Ce44ðrÞ
o2we
oh2
¼ 0; ð71Þ
o
or
Ce66ðrÞ
ove
or
 1
r
ve
  
þ 2
r
Ce66ðrÞ
ove
or
 1
r
ve
 
þ Ce44ðrÞ
o2ve
oz2
¼ 0: ð72ÞEq. (70) is a identity, Eq. (72) is exactly of the same form with (66) (with z replaced by h) and Eq. (71) can be treated in a
similar way with (13) by puttingwðr; hÞ ¼ X1ðrÞx1ðhÞ: ð73Þ
Following the same lines as in Section 2 and using the fact that (71) and (72) are uncoupled, we can prove that ve, we con-
verge strongly in Cða; bÞ. Then we can pass to the limit in (71) and (72) to ﬁnd that the effective coefﬁcients of a tube of peri-
odic structure areCh44 ¼ hCe44i; Ch55 ¼
1
h 1Ce55i
; Ch66 ¼
1
1
Ce66
D E : ð74Þ
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In this section, we assume that the cylinder is made of numerous layers of anisotropic materials, following a periodic
structure. Motivated by the axisymmetric case (axial force and torque at the ends, internal end external pressure, in-
plane and anti-plane shears on the inner and outer surfaces), described by Tarn and Wang (2001), we assume that
the stress and displacement ﬁelds are independent of the z-axis. Then the stress–displacement relation is given by
the following system,rerr
rehh
rezz
rezh
rerz
rerh
2
666666664
3
777777775
¼
Ce11 C
e
12 0 0
Ce12 C
e
22 0 0
Ce13 C
e
23 0 0
Ce14 C
e
24 0 0
0 0 Ce55 C
e
56
0 0 Ce56 C
e
66
2
666666664
3
777777775
duer
dr
uer
r
duez
dr
dueh
dr 
ueh
r
2
666664
3
777775; ð75Þwhile the equilibrium equations givedrerr
dr
þ r
e
rr  rehh
r
¼ 0; dr
e
rh
dr
þ 2r
e
rh
r
¼ 0; dr
e
rz
dr
þ r
e
rz
r
¼ 0: ð76ÞWe assume the following boundary conditions,½rerr rerh rerz ueh ueza ¼ ½pi ti si uhi uzi ; ½rerr b ¼ ½po; po > pi > 0: ð77Þ
For the system of equations (75)–(77) we assume that all elastic coefﬁcients are bounded from above and from below by
strictly positive constants and that they are allowed to exhibit discontinuities. Moreover, we assume thatCe55C
e
66  ðCe56Þ2 6¼ 0: ð78ÞFrom (76)2 and (76)3 we getrerh ¼ ti
a2
r2
; rerz ¼ si
a
r
; ð79Þfrom which obviouslyrhrh ¼ ti
a2
r2
; rhrz ¼ si
a
r
: ð80ÞCombining (79), (75)5 and (75)6 leads toueh ¼ uhi
r
a
þ r
Z r
a
sia
n2
Se55ðnÞ 
tia2
n3
Se56ðnÞ
 
dn; ð81Þ
uez ¼ uzi þ
Z r
a
 sia
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Se56ðnÞ þ
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Se66ðnÞ
 
dn; ð82ÞwhereSe55 ¼
Ce55
Ce55C
e
66  ðCe56Þ2
; Se56 ¼
Ce56
Ce55C
e
66  ðCe56Þ2
; Se66 ¼
Ce66
Ce55C
e
66  ðCe56Þ2
; ð83Þwhich implies that juehj, juezj, j du
e
h
dr j, j du
e
z
dr j are bounded independently of e. Therefore,
ueh ! uhh in Cða; bÞ; uez ! uhz in Cða; bÞ: ð84ÞFrom Eqs. (75)1,2 and (76)1 we getdrerr
dr
þ 1 C
e
12=C
e
11
r
rerr ¼
Ce11C
e
22  ðCe12Þ2
r2Ce11
uer ;
duer
dr
þ C
e
12
rCe11
uer ¼
rerr
Ce11
: ð85ÞWe make the following physically justiﬁable assumptions,Ce11ðrÞ > Ce12ðrÞ;Ce11ðrÞCe22ðrÞ  ðCe12ðrÞÞ2 > 0; 8r; a 6 r 6 b: ð86Þ
In Appendix B, based on assumptions (86), we verify that jrerr j is bounded, independently of e. Then, from (B.4) we get that
juerðaÞj is bounded too and (B.3) implies that uer is bounded in L1ða; bÞ. Eq. (85) lead to the conclusion that dr
e
rr
dr and
duer
dr are
bounded in L1ða; bÞ. So, following the same lines as in previous sections, we prove that
uer ! uhr in Cða; bÞ; rerr ! rhrr in Cða; bÞ: ð87Þ
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ditions are proved to be continuous. Now, we write the system (75) by putting in the right hand side the radial displacement
and the stresses which converge strongly,duer
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We pass to the limit in (88) to obtain the limit equations of the problemduhr
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77775: ð89ÞBy rearranging the system (89), we end up withrhrr
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; ð90Þwhere the elements of the effective tensor of elastic material coefﬁcients areCh11 ¼
1
h1=Ce11i
; Ch1j ¼ Ch11
Ce1j
Ce11
 	
; Ch2j ¼
Ce1j
Ce11
 	
Ch12 þ Ce2j  Ce1j
Ce12
Ce11
 	
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;
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hSe66i
hSe55ihSe66i  hSe56i2
; j ¼ 2;3;4: ð91Þ5.1. Numerical example: multilayered anisotropic hollow cylinder under pressure
In this example, we consider a hollow cylinder consisting of 200 thin periodic layers, of two cylindrically orthotropic
materials. We choose graphite/epoxy laminae as our ﬁrst material, where the mechanical characteristics are based on Tarn
and Wang (2001). The second material is produced by the ﬁrst one, by 90 rotation around z-axis. The matrix of elastic coef-
ﬁcients of these two materials areC1 ¼
139:638 3:9 0 0
3:9 15:278 0 0
3:9 3:294 0 0
0 0 5:86 0
0 0 0 5:86
0
BBBBBB@
1
CCCCCCA
; C2 ¼
15:278 3:9 0 0
3:9 139:638 0 0
3:294 3:9 0 0
0 0 5:86 0
0 0 0 5:86
0
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;
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Fig. 9. Radial variation of (a) radial displacement (the curve of the non-homogeneous and the curve of the homogenized coincide with less than 0.5% error),
(b) radial stress (the curve of the non-homogeneous and the curve of the homogenized coincide with approximately 1% error), (c) hoop stress and (d)
longitudinal stress in the pressurized anisotropic hollow cylinder.
5178 G. Chatzigeorgiou et al. / International Journal of Solids and Structures 45 (2008) 5165–5180where all coefﬁcients are given in GPa. Under axisymmetric state, the parameters of the homogenized material are given by
equations (91), leading to the effective matrixCh ¼
27:542 3:9 0 0
3:9 77:458 0 0
3:354 3:597 0 0
0 0 5:86 0
0 0 0 5:86
0
BBBBBB@
1
CCCCCCA
:In this special case, we observe that the effective coefﬁcients Ch22 and C
h
23 are given by the mean values of the C22 and C23-
coefﬁcients of the two materials. On the contrary, the effective coefﬁcient Ch11 is the inverse of the mean value of the inverse
values of the C11-coefﬁcients of the two materials. So, an arbitrary ‘‘homogenization”, based on the mean values of all mate-
rial coefﬁcients, is incorrect.
By using the sigmoid function, in order to simulate the discontinuities between the two faces, we can solve the problem of
the composite hollow cylinder under pressure, where the radial stress is 30 MPa at the inner surface with radius 0:1 m and
60 MPa at the outer surface with radius 0:2 m. The radial displacement and the radial stress of the non-homogeneous and
the homogenized material, shown in Figs. 9a and 9b, are very close. The hoop and the longitudinal stresses are given in
Fig. 9c and 9d, respectively. The highest ‘‘jump” observed in these stresses is 170 MPa and 11 MPa, respectively.
6. Conclusions
In this paper, we present the theoretical and numerical homogenization of a hollow cylinder made of very dissimilar
ﬁne elastic layers. We consider two different sets of boundary conditions, one leading to torsion and one leading to axi-
symmetric state. We focus on the behavior of a tube made of periodic layers. When the material layers are isotropic, the
homogenization induces anisotropic behavior. When the layers of the tube consist of cylindrically anisotropic materials,
no other anisotropy is added to the effective properties. Explicit formulas for the effective elastic coefﬁcients are given.
All the stress and deformation functions affecting the bonding strength of the layered material are presented. It is worth
noticing that the stress ﬁeld discontinuities in the ﬁnely layered cylinders occur in those stress components which are
not traction components.
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From (23) and (22) we ﬁnd that xe and Xe have the following representationsxeðrÞ ¼ xa a
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n2leðnÞXeðnÞdn; ðA:1Þ
XeðrÞ ¼ Xa raþ r
Z r
a
1
n
1
leðnÞx
eðnÞdn; ðA:2Þ
a 6 r 6 b; ðA:3Þ
0 < l1 6 leðrÞ 6 l2: ðA:4ÞCombining (A.1) and (A.2) we obtain the representationsXeðrÞ ¼ Xa raþ r
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and from (A.6) a corresponding representation for dx
eðrÞ
dr . Using (20) gives that there exists r
 such that XeðrÞ > 0 for 0 < r 6 r,
so from (A.5) and (A.7) 0 < XeðrÞ 6 c1, 0 < dX
eðrÞ
dr 6 c2,
dXeðrÞ
dr ¼ 0, where c1 and c2 can be estimated in terms of a, b, Xa xa, k and
l1, independently of e. After r there exist two cases. For large values of k, there exists r such that c3 < dX
eðrÞ
dr < 0,
XeðrÞ ¼ 0, XeðrÞ < XeðrÞ for r < r 6 r, and for r > r, jXeðrÞj 6 c4, j dX
eðrÞ
dr j 6 c5, where all constants depend only on a, b,
l1, l2, Xa xa, k, independently of e. For small values of k, X
eðrÞ > 0 for all r and a priori estimates independent of e for
XeðrÞ, dXeðrÞdr
  can be obtained as previously. Following the same lines, we can prove that j xeðrÞ j and dxeðrÞdr  are bounded inde-
pendently of e.Appendix B
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nCe
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e
11ðrÞCe22ðrÞ  ðCe12ðrÞÞ2
r2Ce11ðrÞ
¼ weðrÞ > 0: ðB:1ÞProperties of functions /e, ve and we, such as the positiveness of we, are due to (86). Then, by using the boundary conditions
(77), we obtain from equations (85)rerrðrÞ ¼
1
/eðrÞ pi þ
Z r
a
/eðnÞweðnÞuerðnÞdn
 
; ðB:2Þ
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e
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Ce11ðnÞ
dn
 
; ðB:3Þwhere uerðaÞ is the undeﬁned value of uer at r ¼ a. Combining equations (B.2) and (B.3) givesrerrðrÞ ¼
1
/eðrÞ pi þ u
e
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feðnÞdnþ
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: ðB:4ÞwherefeðrÞ ¼ /eðrÞweðrÞ=veðrÞ > 0: ðB:5Þ
We examine the following cases: A: uerðaÞ 6 0. Then, if r is the value of r, a 6 r 6 b, where rerrðrÞ becomes zero, (B.4) im-
plies that
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dn: ðB:6ÞThe last equation does not hold, because the left hand side is positive, while the right hand side is negative. So rerrðrÞ re-
mains negative for every a 6 r 6 b. Then, (B.4) leads to/eðrÞrerrðrÞ ¼ pi þ uerðaÞ
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dn ¼ po/eðbÞ; ðB:7Þwhich implies that rerr 2 L1ða; bÞ. B: uerðaÞ > 0. Then, from (85) we get that dr
e
rr
dr ðaÞ > 0 and du
e
r
dr ðaÞ < 0. We consider three sub-
cases: B1: There exists r such that uerðrÞ ¼ 0 and rerrðrÞ < 0. In this case, by starting from r we are back to case A. B2: There
exists r such that uerðrÞ > 0 and rerrðrÞ ¼ 0. From (85)1 we know that dr
e
rr
dr ðrÞ > 0, so rerr continues to increase, while from
(85)2,
duer
dr ðrÞ < 0, so uer continues to decrease. Then from (B.2) we getpi þ
Z r
a
/eðnÞweðnÞuerðnÞdn ¼ 0:For larger values of r, Eq. (B.2) implies that, as long as uer remains non-negative, rerr remains positive. We assume that there
exists r at which uerðrÞ ¼ 0 and rerrðrÞ > 0. Then from (85)2 we get that du
e
r
dr ðrÞ > 0. In other words uerðrÞ, r P r increases
again, which is not possible. So uer remains positive, which means that rerr remains positive. This is in contradiction to the
boundary condition at b. So this case is not possible. B3: There is no r such that uerðrÞ ¼ 0 or rerrðrÞ ¼ 0. Then rerr and uer retain
their signs and this, from (85)1, implies that
drerr
dr > 0 at ða; bÞ. This is not possible, because rrrðaÞ ¼ pi > rrrðbÞ ¼ po since
po > pi. B4: There exists r such that uerðrÞ ¼ 0 and rerrðrÞ ¼ 0. Then, we easily prove that rerrðrÞ ¼ 0, 8r 2 ½a; b, which is
impossible.
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